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The problem of the effect of a die on an elastic semi-infinite strip fixed rigidly along
the short edge is considered, Integral equations for the contact pressure and normal stress
| at the clamping are formed, These equations
' are reduced to two systems of linear algebraic
equations by the Bubnov-Galerkin method,
9y=9h ' Both systems turn out to be well specified, and
their coefficient matrices are almost trian-

i ] gular,
I

ch —

Numerical computations were carried out
i ” for a die with a flat bottom, for an oblique
. ' and a parabolic die, and the high efficiency
I of the method was shown,
|

1, Let us consider the problem of com-
pressing a half-strip by two symmetrically
disposed rigid dies under the following bound-
ary conditions (Fig,1):

4 u=v=0, z=x/h=0
Fig. 1 lyl=h1]y | <1 (1.1)
T =0, y=+41, 0gz<Coo (1.2)

=0, y=-+41, 0<z<c =z>b 1.3
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—v=[8~[*@)]sgny, y=+1 b (1.4)

Here u, v are displacements along the x; and Y1 axes, respectively, and Teqr O 3T€
the tangential and normal stresses; :f*(x) is the equation of the die surface ; 6 the total
displacement of the die under the effect of a force P. In [1] the problem for a half-strip
with the boundary conditions (1.1), (1. 3) is reduced to a Fredholm integral equation of
the first kind for the normal stress at the clamping o(y). After simple manipulations this
equation becomes

1 b
S sM@(n, y)dn+ S o, (N a*(r, y)dr 4+ C3=0 (1.5)
-1
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v & s 1
— T L) — 1), V=%

8=0

e k+s
keo [ 1 I'(2k 4+ 2s 4 4) 1
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1 C e @h—e) A dA
Q,,=Zl,(n+1)g ((shkf}-l) . T(rd-1)=nl(m) (1.6)

o

In=3F (n1+ ) §° e "_Qh"il ;; SR (L.7)
;
(24 5 Qs + ¥+ 15) Q)
ot (ry 9) = ioSiZf’ [(ch A ch Ay — y sh A sh Ay) — % ch Ay i}_’“] dk (1.8)
’ A, = sh2h + 24 (1.9)

Here. C; is an arbitrary constant, p the Poisson coefficient, Let us use the formulas

obtained in [1] for the displacement v,
Then the contact condition (1.4) is written as follows:
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Vo n e a4 — g3 Ls@or e da= — 0 — 1 @z & »
c ’ -1 '

erh (1-10)
N 9)=K(z—2)—K(z+12), K= S (ch 22 —,fA’f” Aedh gy
0

Here o*(z, a), A, are functions given by (1. 8) and (1.9). Putting
s=cotal, r=cotap,z3=co+at,co="Ya(b+c)a="s(b—¢c

*(z) = 11 0*(r, v) = 0(p, ¥), O (1) = — Qp), N*(z, 2) = N(¢, {)
we rewrite the relationships (1, 5),(1.10) as follows:
1 1
Sc(n)(b(n, ydn—aea S QP o(p, ¥)dp+Cy=0, |y|<1 (1.12)
-1 -1

1 1
4 1
fowne vatgiye Ssmoe aaa—Frw—r@ia=o

1 -1

E
bo=g5q—_py LIS (1.13)

The problem is therefore reduced to solving a system of integral equations (1.12) —
(1.13) in two unknowns : the normal stress at the clamping o(n) , and ‘the contact pres-
sure under the die Q(¢).

It should be noted that the considered problem is a two-parameter problem with the
dimensionless parameters co = Ys (¢ + b), a = 1/4(b — ¢) (Fig.1).

Let us turn to the determination of the contact pressure Q(%)-

2, Let us first put Q(p) = 6(p — ¢t) in (1,12), where §(p — ?) is the Dirac delta func-
tion, We determine ay(n, ¢) from the obtained relationship,
Having studied the nature of the stress singularity at the clamping in [1], we chose the

Bubnov-Galerkin method as the numerical method of solving (1.12). We assume
n=m

s H=a[d—mPE () + 3} Fa()Ti ] 1)
n=0
Here Tan (W) is an even Chebyshev polynomial of the first kind; Eo(t), Fn(t) are un-
known coefficients; Po is the least positive root of the characteristic equation
2% cos npo — 4pd + 1+ x*=0, ® =3 — 4p (2.2)
Let us substitute (2, 1) into the integral equation (1.12), and let us demand that the
expression obtained be orthogonal to (1 — y’)"” Tay(y) on the segment [—1,1], We hence
obtain a system of linear algebraic equations in Eo(t), Fn(¢), Cs(t). The arbitrary con-

stant Cy(¢#) is determined from the static equilibrium condition
1

{am nam=o 2.3)
-1
Starting from the asymptotic expansion of the integral ®(t,y) in residues of the inte-
grand, we represent Eo(t), Fp(t), Cs(t) as
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k=1
20495 a

Ey(t) = TEW)] (cos a; YB;1 — sin a;7B;s) (2.4)
k=0
249G -8 g
Fal)="5F2) kE e K [cos apyAm (k) — sidayyAns ()] (2.5)
=0
21+M S vy .
G =" kz e "+ [cos a;7C)y — sin apCia)
=0

ah + lﬂk = Ak' Sh Arh + ;vh = O, ah>0, pk>0’ Y= 1/3 (Co + at) >Yo*0 (2.6)
Here Yo is the lower bound of the variable y. The system of linear algebraic equations
in the unknowns Eo(f), Fy(t), Cs(t) then goes over into a system of linear algebraic equa-
tions in the new unknowns Byy, Api(k), Cp1 and By, Apa(k), Cxa. For any arbitrary con-
tact pressure Q(#) the stress at the clamping is determined from the relationship
1

stm={ 0@t na @)
where 0o(n, ¢ is given by (2.1). -1

8, Let us substitute (2,7) into (1,11), We hence obtain an integral equation in the
contact pressure 1 x
{omew pa—p—r@nagg=0 (3.1)

-1

Qt, =K[aC—)]—K[2¢0+a+ )] +(1_i4_—vv)a\b(!. 9
1 (3.2)
2 0= @ Do de
-1
The following properties of the kernel have been established in [2]:
a) For k (— oo, 09)
K(k) = — In k 4 F(k) (3.3)
where F(k) is an even continuous function in all its derivatives with respect to k.
b) For k — oo the kernel K(k) tends exponentially to zero,
In the case s (co + a#) > Yo, s (co + al) > Yo, To5=0 the kemel K [2¢0 -+ a(§ + )]
is evidently a continuous function with all its derivatives with respect to -{ and ¢,

Let us investigate the properties of the function ¥(¢, {)- From (1.12) we nhave
1

WG )=+ {0 DOm0 d @4
-1
Substituting (3. 4) into (3,2) under the conditions (2. 3), we obtain
1 1
1
v 0= { da (o0t Dan Do @yan @5)
2004

From (3, 5) it follows:
a) The function ¥(¢, &) = Y({, ¢) because ®(y, a) is a symmetric kernel ,
b) The function ¥(¢,¢) is continuously differentiable any number of times with
respect to ¢ and §, since Oo(e, #) and oy(n, {) are continuous functions with all their
derivatives with respect to ¢ and { ,respectively, in the domain 2 (co -+ a#) 2> Yo,
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Ys (co + al) > vo, Yo =0 .
c) For Y5 (co '+ at) — o0, Vs (co + al) > yo the function $(¢, {) decreases expo-
nentially,
Since the free term in (3.1) is assumed continuous and continuouslty differentiable
any number of times, the singularity in the solution of this equation will hence be defined
by the logarithmic kernel contained in Kfa({ — #)l. then follows from [3] that the

solution of (3.1) can be represented as kN

1
Q= 71?7,,2‘}) GiTx () (3.6)

where T (f) is a Chebyshev polynomial of the first kind,

Proceeding from the representation (3,6), we reduce the integral equation (3,1) to a
system of linear algebraic equations in G, by the Bubnov-Galerkin method, just as this
was done in [4], This system can be written thus:

s=N
2 - A
G.,(Rm-*-ln—a——coo)+ ZMG,:T““ (3.7)
=1

s=N
GO(Rm0_Cm0)+ZQﬂ—EMG,+%=éO:ll, 1<m<N (38

8=]

where Ry,,, Cp, are coefficients of the following expansions:

Fla@—tl=Kla¢—0]+ma@—0= D RuTm ) Ts () 3.9
—
Crms="8ms +8ms, K [200+ 0@+ 0= D) amsTum (0 Ts (1) (3.10)
=
Yt D= D} 8msTm (}) s (1) (3:11)
—
2 m=M
T B—T @ A= D} PmbeTrm (D) (3.12)
m=0

4, Computations were carried out for u = 0.317408, po = 0.700000. Their represen-
tations in terms of the Howland integral [5] were used to evaluate Q,, I, given by (1.6),
(1.7). The expanded matrix of the system in the unknowns Eo(t), Fp(?), Cs(f) was com-
puted by the mechanical quadrature method [6],

Values of the stresses in the framing were computed by means of (2. 1) practically
exactly for m = 5.Thus, in the case ¥ = .0.25 and I = 1, the fifth approximation (m =5)
in (2.4) — (2.6) differs by no more than 0, 5% from the sixth (m =-6), However, the
error with which the coefficients .Eo(t), Fy(¢) have been determined by means of (2. 4),
(2. 5), and which arises because of discarded terms (I >> 2), introduces an additional
error in the found stresses which does not exceed 3.5% . Therefore, the total error in
the solution &o(n, ¢) for y = 0.25 and I = 1 does nor exceed 4%,

This case corresponds to a quite close disposition of the die to the clamping,

In the case y > 0.5, ! = 1 the total error in the solution is less than 1%,
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To calculate the coefficients #,,, in the expansion in (3, 9) we used the representation

k::,‘l €__ ¢
Fla@—01= Ydu(@Tu ("7 @
k=0
dy (a) = — 0,3546754 + 2 {m A 4r) + VT-T—TE (1‘:_ e
a2 2
~Viie [(4+a=)+ T V RN )}}4'1?_1” Byt (1.2)
, e Ja? . o= "
G VT A VI e ViTe "

{(=a)(p + 0.5)
(ppz(pp—l @+ 1) » p>1

mi 1
G (@ =4 (=)™ {1 () ( = 7—1—‘—37—) —_

o [ 2 2m 2 A \
— ' (2 [’ZT,;'JI‘ Vm(1+ Vm+'4+ az)] + >_| I’mm‘l’pJ (4.3)

p=0
a m a\¥™ (—a2) (mn -+ p) (n -+ p —0.5)
> ¥ = | ——— = = :
m=1 Tl [/.~+ % ke+a=] Vo (z) »Bp = ¥y P+ om)
The values of B, are represented in Table 1,
Table 1,
dam(a)
p By m
a==05 a=1 a==1.5
1 0.2920749 0 | —0.1328900 0.2512295 0.5711618
2 06397242 (—1) 1 0.2061846 - 0.49779M 0. 06636256
3 0.1270032 (—1) 2 1 —=0.1187582 (—1) | —0.8623488 (—1)| —0.1811443
4 0.2272834 (—2) 3 06844342 (—3) | 04557360 (—1)|  0.5494041 (—1)
5 | 0.374206  (—3) & | —0.3833251 (—4) | —0.2731640 (—2)| —0.1641086 (—1)
G 0.57821 (=" 3 0.2119323 (—5) 04694258 (—3) 0.4785882 (—2
7 0.85047  (—9) 6 | —0.1168139 (—0) | —0.79095242 (—4)| —0.1374129 (—2)
8 0.12040 (—%) 7 0.6443156 (—8) 0.4358443 (—4) 0.391576  (==3)
4] 0.1656 {(—0) 8 —0.2308797 (—5)| —0.111254 (—3)
10 | 0.22 (=7) 9 0.39286  (—6)| 0.315090 (—4)
:‘1& 8%3) 2-—33 1(1) —0.6693 (—=7)| —0.897 (—5)
.34 — 0.1141 —7 0.255 —5
13 | 0.4% (—10) =7 (=)

Note , -—0,1187582 (—1) means —0,01187582 ,

The representation of Fla(f — #)] in terms of the Howland integral [5] was used in
deriving (4.2),(4. 3). Values of dy,(a) for a=0.5, 1.0, 1.5 are arranged in Table 1,

The expansions shm<ok

Ta(fli—tD== D\ bam (k) Ts () Tra (£) (4.4)

8=0
m==(

for arbitrary 4 were obtained by successive application of the relationship

Ty N[§ = ¢1) =2 = TG — t]) |- Th(fal & — DITy(E) — To(0)] (4.5)
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Substituting (4. 4) into (4, 1), and collecting like terms, we obtain the values of the coef-
ficients R,,, on the basis of the expansion (3, 9), Representations of (3. 10),(3.11) in

terms of Bessel functions of complex argument were used in determining the coefficients
Cms. Hence, when three terms (M = 2)are retained in the expansion (3, 12), the solution

of (3,1) is

m=2

k=N

A
0O =77=5 2 Prfm  Bn= 20 G T (1) (4.6)
m=0 =

Values of the coefficients Gy, in the expression in (4, 6) are presented in Table 2 for
a=05,c0o=4,N=4and a=14,co=15 N =6.

Table 2,
a m Gmo Gmi Gm2 Gmn3 Gms Gms Gmé
0 0.20454 | —0.01713{ —0.02699| 0.00094] 0.00023
0.5 1 —0.00856 0.36922 —0.00422| —0.00251| 0.00002
2 ~0.01350 |—0.00423| 0.64774| —0.00124| —0.00024
0 0.49539 |—0.02532| —0.11647} 0.00035] 0.00405| 0.00093{—0.00031
1 1 —0.01266 0.47230| —0.00886| —0.02916{ 0.00011] 0.00206| 0.00020:
2 —0.05822 |—0,00886| 0.71427| —0.00456] —0.01000/—0.00037| 0.00102

The found approximations N =4 (a = 0.5) and N = 6 (a = 1) are practically
exact since they differ from the next approximations N = 6 (a = 0.5) and N =8 (a =1)

Table 3,
h 1
t Qe w0 A,
a=05| a=1
~—0.95105 1.8673 1.3798
—0.90631 1.3839 1.0494
~—-0.80901 1.0213 0.81303
—0.58779 0.77542 | 0.67127
~(0.42261 0.70616 | 0.63948
~0.17365 0.65704 | 0.62140
0.00000 0.64354 | 0.61623
0.17365 0.64306 | 0.61355
0.42261 0.67022 | 0.61679
0.58779 0.72122 | 0.63364
0.80901 0.92506 | 0.73980
0.90631 1.2392 0.93867
0.95105 1.6635 1.2253
Table 4
s(t)h/C
14
a=0.5 a=1
0.02079 | —0.14009 | —0.09276
0.12050 { —0.14088 | —0.09263
0.21901 | —0.14231 | —0.09208
0.40849 | —0.13876 | —0.08545
0.58168 | —0.09590 | ~-0.05466
0.79608 0.11657 0.07768
0.95534 0.52338 0.31954

by not more than 0, 02%.

If it is here taken into account that the normal
stresses at the clamping have been computed with
not more than 4% error, then the total error in the
solutions found ¥ = 4 (@ = 0.5) and N =6 (a =1)
does not exceed 1%,

By selecting appropriate values of py, p,, ps. con-
tact pressures for three kinds of dies can be com-
puted: for a die with a flat base, for an oblique
die, and for a parabolic die.

Presented in Table 3 are values of the contact
pressures computed by means of (4,6) for the cases
N=4(a=0.5)and N =6 (a = 1) when
po = nb/ha, p, = p; = 0(die with a flat base),

From an analysis of Table 3 it follows that the
contact pressures rise as the point under consider-
ation approaches the clamping, whereupon a tilting
moment acting on the die is manifest,

Therefore, the force P must be applied at a dis-
tance e/h = /3 a Go,/Goy (Fig. 1) from the axis of
symmetry of the die (Fig,1),

Values of Q(t)-obtained herein for N =6, a = 1,
¢o = 1.5, differ by not more than 14% from the
values of the contact pressures computed in {4] in
the absence of clamping,

Values of the stresses at the clamping computed
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by (2.1) and (2, 7), are presented in Table 4. The coefficients Eqo(t), F,(t) were hence

represented as 5=9 5=9
Bo)=2) LT:(t), Fo()=2) & (n)Ts(®)
8=0 =0

Representations of (2, 4), (2. 5) in terms of Bessel functions of complex argument were
used to determine the coefficients I; and e, (n),

It is seen from Table 4 that the stresses in the framing diminish as the the zone of
contact increases, All the computations were made on the "Minsk-12" computer,

The author is grateful to I, I, Vorovich for formulating the problem and for valuable
comments during its execution,
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